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SUMMARY 

A computat ion  package  containing a l l  equat ions and procedures needed i n  
des ign ing  a high-power m u l t i c a v i t y   k l y s t r o n   a m p l i f i e r  has  been  developed. 
The r i g o r o u s l y   d e r i v e d   t h r e e - d i m e n s i o n a l   r e l a t i v i s t i c   a x i s y m m e t r i c   e q u a t i o n s  
o f   m o t i o n   a r e   u s e d   t o  compute t h e  bunched c u r r e n t  and the   induced RF gap 
v o l t a g e   f o r  a l l  i n t e r a c t i o n   c a v i t i e s   e x c e p t   t h e   i n p u t  and second c a v i t i e s ,  
where t h e   l i n e a r  space-charge wave theory  data  are  employed i n   o r d e r   t o  
reduce  the  computat ion  t ime.  Both  d istance-step and t i m e - s t e p   i n t e g r a t i o n  
methods  are  used t o  compute t h e   F o u r i e r   c o e f f i c i e n t s   o f   b o t h   t h e  beam cur-  
r e n t  and induced  current .  

INTRODUCTION 

T h i s   r e p o r t   d e s c r i b e s   i n   d e t a i l  a design  computat ion  package  of  a mag- 
n e t i c a l l y   f o c u s e d   h i g h - p o w e r   m u l t i c a v i t y   k l y s t r o n   a m p l i f i e r .  The t h e o r e t i -  
c a l   f o u n d a t i o n   i s  based  on t h e   i n v e s t i g a t i o n   o f   f i e l d - e l e c t r o n   i n t e r a c t i o n s  
o f  a r e l a t i v i s t i c   k l y s t r o n   d e s c r i b e d   i n  a p r e v i o u s   r e p o r t   ( r e f .  1). The 
computation  method i s  based on the   la rge-s igna l   d isk -e lec t ron  model which 
can  be  programmed and r u n  on a large-capacity  high-speed  computer. The un- 
modu la ted   e lec t ron  beam w h i c h   e n t e r s   t h e   i n p u t   c a v i t y   i s   d i v i d e d   i n t o  a 
l a r g e  number o f   de fo rmab le   d i sks   o f   e lec t rons ,  and each  d isk i s  subdiv ided 
i n t o  an equal number o f   r i n g s   o f   e l e c t r o n s   w h i c h   s e r v e  as elementary  charges 
i n   t h e   m a t h e m a t i c a l  model .   Th i r ty- two  d isks  per  one space-charge  wavelength 
and t h r e e   r i n g s   p e r   d i s k  were  used in   the   computa t ion   mode l .  Each o f   t h e  
n i n e t y - s i x   r i n g s   i s   f o l l o w e d   t h r o u g h  f r o m  t h e   i n p u t   c a v i t y  gap, t o   t h e  
i n t e r m e d i a t e   i n t e r a c t i o n  gaps, and t o   t h e   d r i f t - t u b e  spaces u n t i l   t h e   o u t p u t  
gap i s  reached.  The  induced  current and t h e  RF gap v o l t a g e   o f   t h e   v a r i o u s  
c a v i t i e s   a r e  computed  on t h e   b a s i s  o f  the   theory   o f   Shock ley  and Ramo. The 
fundamental  bunched  current and the  induced RF gap v o l t a g e   o f   t h e   v a r i o u s  
c a v i t i e s   a r e  computed, f i r s t ,  b y   p e r f o r m i n g   t h e   d i s t a n c e - s t e p   i n t e g r a t i o n   o f  
t h e   e q u a t i o n s   o f   m o t i o n   t o   y i e l d   t h e   p r e c i s e   d a t a  of t h e   p o s i t i o n  and  phase 
o f   t h e   i n d i v i d u a l   r i n g s  and second ,   by   eva lua t i ng   t he   Four ie r   coe f f i c i en ts  
o f   t h e  bunched beam c u r r e n t  and the  induced RF gap vo l tage   by   us ing   t he  
t i m e - s t e p   i n t e g r a t i o n  method. Beam load ing  and c a v i t y   d e t u n i n g   e f f e c t s   a r e  
a p p r o p r i a t e l y   d e a l t   w i t h .  Space-charge f o r c e  Green  funct ions,  
and Y , a r e   m o d i f i e d   t o   t a k e   i n t o   c o n s i d e r a t i o n   r e l a t i v i s t i c  ve o c i t y  
o f   t he  geam mot ion.  Since  the RF gap vo l tage  and t h e  beam load ing  parame- 

p loyed 6 determine  the   vo l tage  modu la t ion   index   fo r   the   var ious  gaps. 
However, i n  order   to   reduce  the   computa t ion   t ime  the   l inear   space-charge 
wave theory  data  were  used t o   d e s i g n   t h e   i n p u t  and second c a v i t i e s ,  where 
smal l   vo l tage  modu la t ion   index   va lues  will be  used. 

ters, G? 
and .Bb,s, a r e   i n t e r r e l a t e d ,  an i t e r a t i o n   p r o c e s s   i s  em- 

Ma te r ia l ,   no t   p rev ious l y   pub l i shed ,   p resen ted   a t   t he   I n te rna t i ona l   E lec t ron  
Dev ices   Mee t ing   sponsored   by   t he   I ns t i t u te  o f  E l e c t r i c a l  and E l e c t r o n i c  
Engineers,  Washington, D.C., October 11, 1971,  and t h e   S o l a r  Power  Space 
System  Workshop  sponsored  by NASA Lyndon B. Johnson  Space  Center,  Houston, 
Texas,  January 15-18, 1979. 



T h i s   r e p o r t   c o n s i s t s   o f   t h r e e   m a i n   p a r t s :  
( 1 )  All i n p u t   d a t a  and i n i t i a l  computation  formulas  needed t o   s t a r t   t h e  

( 2 )  All working  equat ions  used i n   v a r i o u s   s t a g e s   o f   c o m p u t a t i o n  
( 3 )  Design  procedures  descr ibed i n   d e t a i l ,   i n c l u d i n g   t h e  method o f  

computer  program 

i t e r a t i o n   i n   t h e   c o m p u t a t i o n   o f   t h e   v o l t a g e   m o d u l a t i o n   i n d e x   o f   t h e  
va r ious  gaps 

I n   a d d i t i o n ,   f o u r   a p p e n d i x e s   a r e   i n c l u d e d   a t   t h e   e n d   o f   t h i s   r e p o r t  so 
t h a t   t h e   o r i g i n   o f  some of   these  work ing  equat ions  can  be  t raced and  checked. 

INPUT DATA 

Design  Parameters 

The fo l l ow ing   a re   t he   pa ramete rs  and d a t a   t o  be s p e c i f i e d   b y   t h e  

(1 )   K l ys t ron   ope ra t i ona l   f requency ,  fo, i n   h e r t z .   ( T h i s  i s  a l s o   t h e  

( 2 )  I n p u t   d r i v e  power, Pin, i n  wat ts .   (Matched  condi t ion i s  assumed.) 
( 3 )   D i r e c t - c u r r e n t  beam cu r ren t ,  IO, i n  amperes, which i s  r e l a t e d   t o  

des i gner : 

i n p u t   d r i v e   f r e q u e n c y   o f   t h e   k l y s t r o n . )  

t h e   r e l a t i v i s t i c  perveance K r  by   the   equat ion  

where KO = I O / ( V O ) ~ / ~   i s   t h e   n o n r e l a t i v i s t i c  perveance,  and 
Veq = moc2/ le l  = 5 . 1 1 ~ 1 0 5   v o l t s   i s   t h e   e q u i v a l e n t  beam vo l tage.  

BO, i n  weber per  meter  squared. ( I  Wb/m2 = 10 000 G ) .  

( 4 )  Direct-current beam vol tage, VO, i n   v o l t s .  
( 5 )   E x t e r n a l   a p p l i e d  dc m a g n e t i c   f i e l d  as  measured  along  the  z-axis, 

( 6 )  Tunnel  diameter, 2a, i n  meters. 
( 7 )  D i rec t - cu r ren t  beam diameter a t  t h e   e n t r a n c e   t o   t h e   i n p u t   c a v i t y ,  2b, 

(8)  Diameter   o f   the  cathode,   2rc ,  i n  meters. 
( 9 )  Phys i ca l  gap l e n g t h   o f   t h e   s t h   c a v i t y ,  2as, i n  meters ,   w i th  

i n  meters. 

s = 1, 2 ,  ... : t h a t   i s ,   f o r  a f i v e - c a v i t y   k l y s t r o n ,  2a1, 2112, 2a3, 

cen te rs   o f   t he   s th  and t h e  ( s  * l ) t h   c a v i t i e s ;   t h a t   i s ,  
L1,  L2,  L3,  L4,  and  L5. It i s   t o  be   no ted   t ha t   t he  
d r i f t - t u b e   l e n g t h  may be determined i n i t i a l l y   b y   t h e   s m a l l - s i g n a l  
space-charge wave theo ry   da ta   g i ven   by  

Ls, i n  meters, as measured  between t h e  

2 

where m = 0, 1, ... and 



electronic wavelength, 7 'e 
x space-charge wavelength 

relativistic dc  beam velocity, 5.93~10 R, f i ,  m/sec uO 

uO 

SP 
5 

0 plasma radian frequency, 2 

RU relativistic velocity  reduction factor, 

nonrelativistic dc  beam  velocity, 5.93~10 6, m/sec 5 
uoo 

(11) 0 8  = 2af0/~0. 
(12) k = 2af /c. 
(13)  Nonrela ? ivistic cyclotron radian frequency, wCo = (e/q)BO 
(14)  Unloaded Q o f  the  sth cwity, Qu,s; that is, Qu,l,  QU,2, 

(15)  External Q of the sth cavity, Qext ; that is,  Qext,l  and 

(16) Characteristic impedance o f  the s cavity, (R/Q),; that is,. 

(17) Frequency-tuning parameter o f  the sth cavity 6u,s - - 

(18) Field-shape parameter of the sth cavity, Hs; that is, Hi, Hz, 
H3, Hq, and  H5. 

(19) Number of disks in one space-charge wavelength used in the design 
model (here 32), N, and number of rings in each disk (here 3), R. 

Qu 3- QU,49  and Qu,5- 

Qext,~  (Qext,~, Qext,3, and Qext,fh= '7- 
(R/Q)l, (R/Q)2, (R/Q)3, (R/Q)4, and (R/Q)5- 

(ftun d * fresonant)/fres nant; that is, &u,2, ",39 and 
%,4 LU,l. and 6u,5 = 07. 

Physical Constants Used in Computation 

The following physical constants (expressed in SI units)  are  needed in 
the computation: 

(1) Velocity  of  light, c = 3x108 mlsec 
(2) Dielectri permittivity of the vacuum, EO = (1/36 a ) ~ l O - ~  = 

(3) Magnetic permeability of the vacuum, PO = 4 ~ x 1 0 - ~  H/m 
(4) Rest mass of the electron, mo = 9 . 1 0 8 ~ 1 0 - ~ ~  kg 
(5.) Magnitude of the electronic charge, le I = 1 . 6 0 2 ~ 1 0 - ~ ~  C 
(6) Ratio of electron charge to rest m ss, I elm01 = 1 . 7 5 9 ~ 1 0 ~ ~  C kg-l 
(7) Equivalent beam voltage, Veq = moc 9 /le\ = 5.11~105 V 

8 . 8 5 4 ~ 1 0 - ~ ~  F / m  
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WORKING EQUATIONS 

Normal ized  Equat ions of Mot ion  

The  normal ized  ax ia l   equat ion o f  mot ion i s  

a C O S  e P SE 
.. S s 0 s inh[HSa(tS/a)]  
5 =  S 2 {ka)' ;it:) + [(ka) '  i2  - 11 (;:)) 

2 2 
2 ' 2  

+&(%) -[l  'e a - (ka )  5 13; +-$!(?) BO 'a (1) 

The   no rma l i zed   rad ia l   equa t ion  of mot ion i s  

5 

.. a S 'Os 's '0 sinh[HSa(kS/a)] 

% - E S  2 
- 

4 - a (pea) 

2 
+ - " 

i R  (""> { [l - (ka 

- (ka) '  i2] (;:) - (ka) '  (L:)) 

'(p2 + ;')I 9; - (ka) '  5Yi} 

L J 

The independent   var iab les  are 5, ~ o , e q , j ,  and +o,j, d e f i n e d  as 

5 normal ized   ax ia l   coord ina te ,   z /a  

Po,eq,j normal ized   equ iva len t   charge  cen ter  o f  j t h   r i n g  charge 
element a t   e n t r a n c e   t o   i n p u t   c a v i t y  

4 



+o,j entry phase  of  jth  disk charge element where j = 1, 2, . . . , 
32 (=NR) in a 32-disk  3-ring  model, 2sj/N 

The independent  variables  are p ,  0, p ,  and i, defined as 
P normalized  radial coordinate, r/a 

~((~,p,,,q,j,O~,j) normalized  radial  velocity component of jth ring 

i(C,~~,~q,j,+~,j) normalized  axial  velocity component of jth ring 
charge element, dS/de = z/ua 

+ ( < , ~ ~ , ~ ~ , j , O ~ , j )  phase  variable  which defines phase  position  of jth 
ring charge element relative to RF gap filed as a 
function of displacement and initial  state  of  enter- 
ing electron beam, e - (Bea)E 

charge element, where e = ut, d d d e  

The following are the relationships or equations needed  to compute equations 
(1) and (2): 

(1) Relativity  parameter: 

J 1 - (ka) ( P  

2 '2 + ;2) 

2 
1 + 0.25  (ka)2 (vf 

where 

6 

Jia tunnel flux, .a* BO 

JiC cathode flux, nr$ BO 

rC cathode radius 

BJP,S),  B<(P,S) radial and axial components of  dc  magnetic fields 
given by eqs. ( 3 )  and ( 4 )  in the section Calcula- 
tion of  External  Direct-Current  Magnetic Fields 
B, and BE 

5 



(2 )   Fou r   f i e ld -shape   func t i ons ,  Fg, F,, G g ,  and G,: 

F ( g , p )  = -H, sinh(HSa6) J1 
P 

/- Jo [{m] 

f o r   - a s l a  " < E < a S l a  

ca r 

n= 1 L 

6 



m I- 

n= 1 L 

(3)  Two Green function space-charge forces, 3; and 3;: 

5 - to 
~. 

n=l a1 1 s o , p 0  
\ ~ /  

m 

- A n  I 5-50 I 
gp(5,P) I = 4% 1 7, Jl(PAn)Jo(POAn) e 

J:( A n )  

n=l a1 1 co, po 

where Jo 
roo t  of the Besse function, and  J t  are Bessel functions of t h e   f i r s t  k i n d ,  An i s  the n t h  

1 f o r  5 > to 

-1 f o r  5 < to 
sign 5 - c0 = 

7 

1 “-1 



The n o t a t i o n  ( 5  - c0) i m p l i e s   t h a t   t h e   v a l u e   i n s i d e   t h e   p a r e n t h e s e s  must 

be   computed  by   us ing   the   re ta rded  pos i t ions   de f ined  by  
R 

o r  

( s e e   f i g .  1); t h a t   i s .  i f  we w i s h   t o   c a l c u l a t e   t h e   f o r c e   a c t i n g   o n   t h e  
charge  loca ted   a t  5 a t   t i m e  t (i .e.,  e )  due t o  a cha rge   a t  50, we 
must   take   the   va lue   o f   charge  a t   t ime t - I z  - z o I / c ,   o r  more p r e c i s e l y ,  
t - d/c,  where d i s   g i v e n  above and c i s  t h e   v e l o c i t y  of l i g h t .  

C a l c u l a t i o n   o f   E x t e r n a l   D i r e c t - C u r r e n t   M a g n e t i c   F i e l d s  B, and BE 

W i t h   r e f e r e n c e   t o   f i g u r e  2, we n o t e   t h a t   t h e   r a d i a l  and a x i a l  compo- 
n e n t s   o f   t h e   e x t e r n a l  dc magne t i c   f i e ld   p roduced  by an electromagnet  are 
given  by  (appendix A )  

Figure 1. - Computation of space  charge  forces  between 
disks (rings). 

-7" 
Figure 2. - Configuration of close-wound  N-layer  solenoid. 
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N 

Kl(kai ) I l (kaP)sin(kaE)sin & ka  dk 

Kl(kai)sin & ha  dk 

B P ( F , P )  = Bo m ( 3 )  

n= 1 

N 

Kl (ka i ) Io (kap)s in (kac)s in  & ka dk 

B ~ ( E , P )  = Bo m (4) 

Kl(kai)sin & ka  dk 

n= 1 

where Io ,  11, and K 1  a r e   m o d i f i e d   B e s s e l   f u n c t i o n s   o f   t h e   f i r s t  
k ind:  BO i s   t h e   m a g n e t i c   f i e l d   a l o n g   t h e   z - a x i s ;  and a i   i s   t h e  mean 
r a d i u s  o f  t h e  ith layer .  It has t h e   f o l l o w i n g   s i m p l e   r e l a t i o n   w i t h   t h e  
diameter d o f   t h e   w i r e  used: 

ai = al + ( i  - l ) d  

where a1 i s   t h e  mean r a d i u s   o f   t h e   f i r s t   l a y e r  o f  t h e   s o l e n o i d .  

Ca lcu la t ion   o f   Fundamenta l  Bunched C u r r e n t   f o r   T h i r d  and Succeeding 
C a v i t i e s ,  s = 3, 4, ..., Inc lud ing   Ou tpu t  C a v i t y  

The  fundamental beam c u r r e n t  when n o r m a l i z e d   t o   t h e  dc beam c u r r e n t  
IO  i s   g i v e n   b y   ( a p p e n d i x  B) 

where 

NR=96 

NR=96 



+LI+L~-+"L~"-~--L~ 

f1+2aZ1 z2  23 24 
Z O ' O  

Figure 3. - Identification of various interaction gaps and drift-tube spaces in 
five-cavity klystron. 

- 
B S  

KS 

= arctan - 

where the bar over the symbols A s  and Bs indicates they are  normal- 
ized Fourier coefficients, and 

(1 for 5 = 5 ,  (i.e., z = z s )  

in which 5 (i.e., z s )  is referred  to the midplane of the sth 
cavity gap ?fig. 3 )  with 

For example, for  the fifth cavity, s = 5 (see fig. 3), 

a a 

The equivalent charge center PO eq - (i.e., ro,. j) of the  jth ring 
charge element is  determined by fhe'design data s k w n  in figures 4 and 5 

10 



Nth DISK I 
(a) UNMODULATED DISKS BEFORE Ib) TWO MODULATED DISKS AT 

SUB~TANTIAL DEFORMATION. 
ENTERING INPUTCAVITY GAP. z - z AND t - ts WITH POSSIBLE 

Figure 4. - Unmodulated  and  modulated  beam d i s k .  

ro, 3 bR 

3""" 
"""" - 

- - - - - - - - 

'0,eq.Z T--- 

I '0,eq. 1 

"""" - 

"__ _""" - 
""""" 

Figure  5. - Computation  of  charge  center. 

F igu re  6. - Ident i f icat ion of r i ng   cha rge   e lemen t  of t h r e e - r i n g   R d i s k  model. 
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I n   o r d e r   t o   f a c i l i t a t e   t h e   c o m p u t a t i o n ,  we in t roduce   t he   equ iva len t   cha rge  
cen te r   w i th   t he   genera l   i ndex  j and the   index  r t o   d e s i g n a t e   t h e   r i n g  
o f  a g i ven   d i sk .  Then, f o r  a t h r e e - r i n g  model ( R  = 3 ) ,  r = 1, 2, and 3. 
Furthermore, if we in t roduce  a second  index d t o   d e s i g n a t e   t h e  number  of 
d i sks   under   cons ide ra t i on ,   w i th  d = 1, 2, ..., 32 f o r  a 32-disk  model, we 
can  rep lace  the  index j i n   ~ 0 , e q . j   b y  

j = 3 ( d  - 1) + r 

f o r  

r = 1, 2 ,  and 3(R) 

d = 1, 2, ..., 32(N) 

Fo r  example, w i t h   r e f e r e n c e   t o   f i g u r e  6, we n o t e   t h a t   t h e  95th r i n g  
charge  element ( j  = 95) i s   i d e n t i f i e d  as t h e  second r i n g   ( r  = 2 )  o f   t h e  
3Znd d i s k   ( d  = 32);  hence 

j = 3(32 - 1) + 2 = 95 

On t h e   o t h e r  hand, s ince  each  d isk and each r i n g  become d i s t o r t e d  and  de- 
fo rmed   a f te r   t he  beam has  passed  through  the  input  modulat ion gap, i n   o r d e r  
t o   i d e n t i f y  and f o l l o w   t h e  movement of a g iven  r ing   charge  e lement   the  
f o l l o w i n g   e q u a t i o n   i s  used  instead: 

o r  

12 



Calculation of Beam Parameters Gb,s and  Bb,s 

The beam conductance Gb and the beam susceptance Bb, needed 
to compute the gap  voltage modulation index as are deterrnlne8 by 
( appendix B) 

Gb,s = < Go d R  cos xs 

where 

x = a r ~ t a n ( 2 Q ~ , ~ b ~ , ~ )  + arctan - % - arctan - ES 
S % * S  

- 

with As and E, given by equations (6) and (7), cs and TJs given by 
equations (16) in the next section, and as given by equations (18) in 
the section following that. 

Calculation of  Induced Current Ii,s 

The normalized fundamental induced current is given by (appendix C) 

where cs and ns are the normalized Fourier coefficients given by 

M=3 6 NR=96 

(?) = -2n :s) x 6t,ck 
MNR sinh Ha - c 

Nl=l  all k j=1 
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and 

ITS 

% * i , s  = arctan - 

with 

E S - (:’ - + 2  ) -  < 5 k -  < 5 s +(>+*) 
It is to be  noted that  (1) the  two equivalent charge  centers f’O,eq,j 
and P,?~,] are  determined in accordance  with  rules  detailed in the sec- 
tion  Ca cu  ation of Fundamental  Bunched Current for Third and Succeeding 
Cavities, s = 3 ,  4, ..., Including  Output Cavity and (2) the  two normalized 
velocity  components bj and ij are to be computed  as  functions  of 

Determination of Voltage  Modulation  Index a s  

The gap  voltage  modulation  index for the sth cavity  is  given by 
( appendix  D) 

a =  Ivg. s I 
S vO 

and the RF gap  voltage i s  given by 

where 

14 
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nS 

cS 

e S = -arctan(2QT,SbT,s) - a rc tan  - 

and cs and DS are   g iven   by   equat ions   (16) ;  Gb,s and Bb are  
g iven  by  equat ions  (12)  and (13) ;  and Qu,s, Qext,s, and ( R / 4 Y s  a re  
design  parameters. 

COMPUTATION 

I n p u t   C a v i t y ,  s = 1 

Step 1: Per fo rm  the   f o l l ow ing   compu ta t i ons :  

( 1 )  Compute the   vo l tage  modu la t ion   index  a1 b y   t h e   r e l a t i o n  

where P i r 3  i s  t h e   i n p u t  power t o   t h e   f i r s t   c a v i t y .  Assuming t h a t   t h e  
i n p u t   c a v l t y   p r e s e n t s  a p e r f e c t   m a t c h   t o   t h e   s i g n a l   g e n e r a t o r ,  we n o t e   t h a t ,  
s ince   Q load  = Qex t , l ,  

I f  t h e  beam l o a d i n g   e f f e c t   i s   n e g l e c t e d ,  QT 1 = Qu,l. 

( 2 )  Compute t h e   a x i a l  and r a d i a l  beam c o u p l i n g   c o e f f i c i e n t s   b y   u s i n g  
smal l -s ignal   space-charge  theory  data  g iven i n   t h e   f o l l o w i n g :  

s i n  e 
- g,l  

Mz, l  - e 
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where e., ,1 i s   t h e  gap h a l f - t r a n s i t   a n g l e   d e f i n e d   b y  

i n  which I O  and I1 a r e   t h e   m o d i f i e d   B e s s e l   f u n c t i o n s   o f   t h e   f i r s t  
k ind ,  and 

w i t h  

1 R =  r 

Step 2: Use the   vo l tage  modu la t ion   index  a1 o b t a i n e d   i n   s t e p  1 t o  
s e t  up t h e   v e l o c i t y   m o d u l a t i o n   o f   t h e  beam, and b y   i n t e g r a t i n g   t h e  equa- 
t i o n s   o f   m o t i o n   ( e q s .   ( 1 )  and ( 2 ) )  compute t h e  bunched c u r r e n t   a t   t h e  second 
c a v i t y  gap. The i n i t i a l   c o n d i t i o n s   f o r   t h e   e l e c t r o n s   a r e  

z = z o =  O 7  

o r  

5 = 0  7 
f o r  e = e 0 

= %,eq,j 

and 
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o r  

Second Cav i ty ,  s = 2 

Step 1: Compute the  fundamental beam c u r r e n t   I b  2 by  us ing  for -  
m u l a s m e d  f r o m   t h e   l i n e a r  space-charge wave t h e o r y :   T h i s   i s   g i v e n   b y  
( r e f .  2 )  

where 

J1 

01 

MZ.1  

*r,1 

R r  

*b,2 

I- 1 

wq 

F 

B e s s e l   f u n c t i o n   o f   f i r s t   k i n d  

g iven  by  eq. (22) 

g iven   by  eq. (23) 

g iven  by eq. (24)  

g iven  by eq. ( 2 5 )  

- ( B e a ) ( L l / a )  

l e n g t h   o f   d r i f t   t u b e  between f i r s t  and second c a v i t i e s   ( s e e   f i g .  3 )  

reduced  plasma  frequency, FwP 

plasma  frequency 

space  charge  reduc t ion   fac to r   (de termined  f rom  re la t ion  between 
Beb and a /b )  

( F o r   c y l i n d r i c a l  beams i n   c y l i n d r i c a l   t u n n e l s ,   d a t a  on F can be found i n  
r e f .  2, f i g .  3, p. 106, f o r   i n s t a n c e . )  

Step 2: Compute the   i nduced   cu r ren t  Ii 2 and induced  vol tage 

( 1 )  The induced  current   ( fundamenta l )  i s  computed  by  small-signal 

Vg,2 a n d e n c e   o b t a i n   t h e  gap vo l tage  modulat ion  index a2. 

t heo ry   f o rmu las :  

17 



where 

i n  which 

By equat ion (25), Mr,2 can  be  obtained: 

( 2 )  The fundamental  induced gap v o l t a g e   i s   g i v e n   b y   e q u a t i o n  (D6a)  
(appendix D); t h a t   i s ,  

where 

e2 = A~ - arctan(2Q 
9 T,26T,2) 

Gb,2 = 121 a2 cos[arctan(2QT,2aT,2)] 

'b,2 GO - "  - 
I o  =2 

1 
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I 'b,2 I GO 2QT,2*T,2 - "  - 

and 

Hence t h e  gap vo l tage  modu la t ion   index  a2 i s  

R 
a 2 = - y - = G  IVg,2 I QT,2 2 (29) 

0 

We n o t i c e   t h a t  a2 i s  a f u n c t i o n   o f   t h e  beam loading  parameters Gb,2 
and  6b 2 which  are, i n   t u r n ,  a f u n c t i o n  of t h e  gap vol tage. Hence, t o  
compute' a2,  we r e q u i r e  an i t e r a t i v e   p r o c e s s .   T h i s   i s   d e s c r i b e d   i n   d e t a i l  
i n   t h e   f o l l o w i n g :  

( a )   I n i t i a l l y ,  we f i n d  a2 by  computing Q T , ~  and  ST,^ by  us ing 
d a t a   o f  Gb 2 and  6b 2 de r i ved   f rom  sma l l - s igna l   t heo ry :  

9 9 

Go s i n  e s i n  e 

' b , 2 = - 2  0 

The va lue   ob ta ined  f rom  equat ion  (29)  i s   g i v e n   t h e  name a 2 ( Q ) ,  where t h e  
s u b s c r i p t  (0)  d e n o t e s   t h e   i n i t i a l   d a t a   f o r  a2. I n   t h i s   m a n i p u l a t i o n ,   t h e  
va lues   o f  QT 2 and 6~ 2 ob ta ined will be  assigned  the names QT ~ ( 0 )  
and 6 ~ , 2 ( 0 ) , ' r e s p e c t i v e f y .  

used t o  compute Gb,2 and 6b 2 f rom  the  ?Lrge-s lgnL?  equat io2qf58L)are 
and ( 2 8 f ) ,   r e s p e c t i v e l y .  The da ta  so ob ta ined   a re   g i ven   t he  name Gb ~ ( 1 )  
and Bh 7 ( 1 \ ,  where t h e   s u b s c r i p t  (1) d e n o t e s   t h e   f i r s t   i t e r a t i o n   d a t a .  
These new d a t a   o f  Gb 2 4 1 ~  and Bb 2 1 are  used t o  compute Q T , ~  1 
and 6 ~ , 2 ( 1 )  f r om eqda 1 ns  (28c) an6 /28d) ,   respec t ive ly ,  and hen I!) e, t o  
o b t a i n  a new gap modu la t ion   index ,   ca l led  a Z ( 1 ) .  

( b )   I n   t h e   n e x t   s t e p ,   t h e   v a l u e s   o f  a o) ,  Q T , ~  ) ,  and 
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( c )   A f t e r   t h e   f i r s t   i t e r a t i o n   p r o c e s s ,  we o b t a i n  an RF gap vo l tage  
Vg,2(1)  g iven  by 

j Q 2 (   1 )  
"g,2(1) = V0a2(1) e 

where 

and t h i s  i s  t o  be  compared w i t h  V 2 01, which i s   d e f i n e d   i n  accordance 
w i th   da ta   ob ta ined   f rom  the   i n i t i a ! ' l ke ra t i on   p rocess   (a ) ;   t ha t   i s ,  

j e 2  (0) 
vg,2(0) = V0a2(0) e 

where 

e 2 (0 )  = 'b,2 - arctan[2QT,2(0)6T,2(0)]  (33b) 

I n   o r d e r   t o  compare  two  complex  voltages, we must  compare the i r   magn i tudes  
and  phases separa te l y  as f o l l o w s :  

Ja2 (1 )  - a2(o)1 €1 

and 

where €1 and €2 are  two  smal l   spec i f ied  va lues.  I f  b o t h   o f   t h e s e  
i n e q u a l i t y   c o n d i t i o n s   a r e   s a t i s f i e d ,  we go t o   d e s i g n   s t e p  3; o therw ise  we 
repeat   procedures  (a)  and ( b ) .   T h i s   t i m e   t h e   i t e r a t i o n   p r o c e s s   i s   i n i t i a t e d  
b y   u s i n g   a Z ( 1   o b t a i n e d   i n   ( b ) ,  and a f t e r   t h e   p r o c e s s  has  been  repeated 
n t i m e s ,   f l n a  1 l y  t h e   f o l l o w i n g   i n e q u a l i t y   c o n d i t i o n s   a r e   s i m u l t a n e o u s l y  
s a t i s f i e d :  

and 

Then, a2(n) i s   t h e   f i n a l i z e d   v a l u e   f o r  02. The  word  "simultaneously" 
r e q u i r e s  an explamation. It simply  means t h a t   b o t h   i n e q u a l i t y   c o n d i t i o n s  
must  be s a t i f i e d  a t  t h e  same t ime. 
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Step   3 :   The   f i na l i zed   va lue   o f  a2 (za2( ) d e s c r i b e d   p r e v i o u s l y  
i s   u s e d s e t  up t h e   v e l o c i t y   m o d u l a t i o n   f o r  g “1 p 2. Thus the  d is tance-step 
i n t e g r a t i o n   o f   t h e   e q u a t i o n s   o f   m o t i o n   i s   c o n t i n u e d   t h r o u g h   t h e  second 
d r i f t - t u b e  space L2 u n t i l   t h e   t h i r d   c a v i t y  gap i s  reached. 

T h i r d   C a v i t y ,  s = 3 

Step 1: Compute t h e   F o u r i e r   c o e f f i c i e n t s   i i 3 ,  B3, and C3, B3 o f  
t h e   f i i i Z Z K n t a 1  beam c u r r e n t   I b  3  and the  fundamental   induced  current 
I i , 3 ,   r e s p e c t i v e l y .  The r e l e v a n t   e q u a t i o n s   t o  be  used  are ( 5 )  t o  (8) f o r  
I b,3 and (15) t o  ( 1 7 )   f o r   I i , 3 .  It i s   t o  be no ted   t ha t   t he   two   ve loc -  
i t y  components, O-J and sj, and t h e  phase f a c t o r s ,  4j and 4 , are 
de termined  by   the   d is tance-s tep   in tegra t ion   o f   the   equat ions  OF m o t i o n   i n i -  
t i a t e d   i n   s t e p  3 o f   t h e   l a s t   s e c t i o n .  

- 

Step 2: The F o u r i e r   c o e f f i c i e n t s  E3, and c ~ ,  n3,   obta ined i n  
- 

B2 step I u s e d   t o  compute t h e  gap vo l tage  mo u l a t i o n   i n d e x  a3 by  us ing 
equat ion  (18a) .  However, we n o t e   t h a t  03, l i k e  a2, i s  a f u n c t i o n   o f  
t h e  beam loading  parameters Gb, and Bb,3. which  are, i n   t u r n ,  a 
f u n c t i o n  o f  t h e  RF gap vo l tage  Jg,3. There fore  a3 can  on ly  be de ter -  
mined  by means o f  an i t e r a t i v e   p r o c e s s   v e r y  s i m i l a r  t o   t h a t   d e s c r i b e d   i n   t h e  
l a s t   s e c t i o n .   I n i t i a l l y ,   t h e   s m a l l - s i g n a l  beam loading  parameters,   g iven  by 
equat ions  (30) and (31),  are  used t o  compute QT 3 (0  and  61,3(0) by 
us ing  equat ions  (19)  and ( Z O ) ,  where  Qext,3 = m ’  an8 6u,3 I S  a des ign  
parameter. It i s   t o  be  noted  that ,  when equat ions  (30) and (31)  are  used t o  
compute  Gk,3(0] and Bb,3(o),  the gap t r a n s i t   a n g l e  e g  should be  computed 
by  us ing t e  ha f -gap  length ~ 3 .   I n  the   nex t   s tep ,   t he   va lues   o f   a3 (0  , 

cT6%!)obtaTned i n  step 1 are  used t o  compute t h e  beam loading  parameters 
and Bb,3(1),  by  using  equations  (12) and (13) i n   t h i s   i n s t a n c e ;  

Gb ’3 (1 ) i s  computed f rom  equa t ions   (18 )   t o  (20) .  The i t e r a t i o n   p r o c e s s  
“ d k L k i b e d   i n   t h e  l a s t  s e c t i o n  i s  f o l l o w e d   t h r o u g h   u n t i l  a f i n a l i z e d   v a l u e  
a 3 ( n )   i s   o b t a i n e d .  

Q , and 6 ~ , 3 ( 0   o b t a i n e d  above t o g e t h e r   w i t h   t h e   f o u r   F o u r i e r   c o e  4 f i -  

Step  3:   Here,   again,   the  f inal ized a3 (E a 3 ~ n ) )   v a l u e   i s  used 
t o   s e m h e  v e l o c i t y   m o d u l a t i o n   f o r  gap  3, and t e d is tance-s tep   in tegra-  
t i o n   o f   t h e   e q u a t i o n s   o f   m o t i o n   i s   c o n t i n u e d   t h r o u g h   t h e   t h i r d   d r i f t - t u b e  
space  L3 u n t i l   t h e   f o u r t h   c a v i t y  gap i s  reached. 

Four th   Cav i t y ,  s = 4 

Computations  needed t o   d e s i g n   t h e   f o u r t h   c a v i t y   f o l l o w   e x a c t l y   t h e  same 
procedures  descr ibed i n   t h e   l a s t   s e c t i o n ;  however, g rea t   ca re  must  be  exer- 
c i sed   i n   choos ing   t he   app rop r ia te   des ign   pa ramete rs   f o r   t he   va r ious   f o r -  
mulas. For   ins tance,   in   comput ing   the   smal l -s igna l   theory  beam l o a d i n g   i n  
t h e   i n i t i a l   i n t e r a t i o n   p r o c e s s ,  k s  should be  used t o  compute the   ha l f -  
gap t r a n s i t   a n g l e  e , e tc .  

manner. 
The  design o f  t;fe f i f t h  and s i x t h   ( i f  any) c a v i t i e s   f o l l o w s   i n   l i k e  

Output   Cav i ty  

Step 1: Set   the  index s i n   v a r i o u s   f o r m u l a s   i n   c a v i t y  2 t o  i t s  
a p p r o p r i a t e   v a l u e :   t h a t   i s ,   f o r  a f i v e - c a v i t y   k l y s t r o n ,   s e t  s equal t o  5. 
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Step 2: Compute the RF gap voltage Vg,s from equation (18b), where 
the vEl€'ZjF modulation index for the output cavity as is obtained from 
an iterative process described in the sections Third Cavity, s = 3 and 
Fourth Cavity, s = 4. However, since the output cavity is coupled to an 
external  matached load, some appropriate value (a design value)  must be 
assigned to Qext,s when computing Q T . ~  from equation (19). More- 
over, since the output cavity is tuned t o  the input driving frequency, 
B ~ , ~  can be set equal to  zero when computing  ST,^ from equation (20). 

the d m o f  the output cavity: 
Step 3: The following additional computations are needed to complete 

(1) The fundamental conversion beam power, that is, the fundamental 
power taken from the beam by the output cavity, is given by 

'conv = (+I Re 'ind,s V *  g,out 

This is  maximum  when cos[arctan(2QT,S6T s ) ]  i s  equal unity, that is, 
when the following condition is  satisfied: 

arctan(2QT,,aT, s )  = 2 ~ r k  for k = 0, 1, 2, . . . 
( 2 )  The conversion efficiency nconv,  or  the electronic efficiency 

oe, is given by 

- 'conv 
"conv - "e - I ~ V ~  

-~ 

(3) The actual power delivered to the external  matched load GL i s  
given by 

'out = (:> Re "g,sIload * 
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( 4 )  The power g a i n   o f   t h e   k l y s t r o n   i s   d e f i n e d  by 

Po"t  
' i n  

power g a i n  = - 

(5) If P l O $ S , S  i s  t h e   h e a t   d i s s i p a t e d   i n   t h e   o u t p u t   c a v i t y   w a l l ,  
t h e   o u t p u t   c i r c u i t   e f f i c i e n c y  i s  g iven  by 

power d i s s i p a t e d   i n   c a v i t y  
power  suppll6%rby beam n c c t  = 1 - 

where  power d i s s i p a t e d  i n  t h e   c a v i t y   i s  computed  by 

Q e x t  , s 

u, s 

and Rsh,s i s  the   shunt   res is tance due t o  Wal l  and Output   coupl ing  losses 
a1 one. 

( 6 )  I f  P c o l  i s   t h e  power  recovered i n   t h e  depressed  co l lec to r ,  

- Pout  - 'out 
'net  - beam power - PCo1 

- 
IO"0 - p c o l  
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APPENDIX A 

DERIVATION OF EQUATIONS FOR  CALCULATION  OF Br(r,z) AND Bz(r,z) 

OF  DIRECT-CURRENT  MAGNETIC FIELD 

With reference to  figure 2, we note  that the vector  potential A(r,z) 
due  to  a single-layer  close-wound  solenoid  of radius ai  and length 
I- sc is  given by (ref. 3) 

Ae(r,z) = C Kl(xai)Il(xr)cos xz sin (+) x 

where 11 and K1 are  modified  Bessel functions  of  the  first and 
second kind, respectively. The required  magnetic field  B is  obtained by 
taking  curl  of d to obtain 

This gives 

B (r,z) = - - r az 

and 

aAe B (r,z) = - - + - r  r ar 

= c  K1(xai)IO(xr)cos xz sin (Lgc) - X dx 

In  order to evaluate the constant C, we  require that 

B,(O,O) = Bo for  r = 0 and z = 0 

where BO is the dc  magnetic  field  along the z-axis, a design  parameter. 
Thus, by letting r = 0 and z = 0, we have from equation (A3) 
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C =  BO 

Kl(aai)sin(%) a dx 

When the value of C i s  substituted into equations (A2) and ( A 3 ) ,  we  get 

and 

Kl(xai)Io(xap)sin(xaS)sin (%) A dx 

B + S )  = m 

Kl(xai)sin (%) x dx 

Equations (A5)  and (A6 )  give us the radial  and  axial components of  the dc 
magnetic field due  to a  close-wound  single-layer  solenoid. I f  the solenoid 
consists of N layers, the total  magnetic  field  generated  by this electro- 
magnet i s  obtained by summing  all contributions of the N layers;  that  is, 

N 1 Bo 

Kl(xai)Il(x~ap)sin(xa5)sin (%) a dx 

Kl(Aai)sin(%) x dx 
B p ( P , S )  = m (A7) 

i=l 

>: 
N 

i=l 

BO 

Kl(xai)Io(xap)sin(xa~)sin ( - ‘ Z c )  a dx 

m 4 Kl(lai)sin(,%) x dx 

25 



where I O  is the  modified Bessel function of the  first kind of the  zero 
order, 11 and K 1  are  the  modified Bessel function o f  the  first and 
second kind, respectively, of the  first  order, and ai is the  radius of 
the i t h  layer of  the  solenoid,  with i = 1, 2, ..., N. 
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APPENDIX B 

DERIVATION OF EQUATIONS FOR CALCULATION OF BUNCHED 

CURRENT AND BEAM LOADING 

The compu ta t i on   o f   t he  bunched c u r r e n t   i s  based  on the  charge  conserva- 
t i o n   p r i n c i p l e .  I f t h e  beam i s   d i v i d e d   i n t o  a number o f  d i s k s   o f   e l e c t r o n s  
and each d i s k   i s   f u r   e r   d i v i d e d   ‘ n t o   e l   m e n t a r y   c h a r g e   r i n g s   ( f i g s .  6 and 
7), an elementary jIk r i n g  i ~ ( r i , - ~  - r , , o ) ~ z Q  5 c o n t a i n i n g  a charge A40 
a t   t i m e  t o  a t  a l a t e r   t i m e  t becomes A q  i n  an  element o f   t h e   c h a r g e  
r i n g  A S  Az. Thus, by   t he   cha rge   conse rva t i on   p r i nc ip le ,  we o b t a i n  

Aq&,ZO,t0) = Aq(r,z,t) 

or, more p r e c i s e l y ,  

po(ri,o - ‘?,o) j “0 = p J . ( r ,z, t )AS. J A Z  

S ince  the  r ings  are  deformed and a r e   p e r m i t t e d   t o  change t h e i r   a x i a l  and 
rad ia l   d imens ions  as w e l l  as t h e i r  shape according t o  t h e   t o t a l   f o r c e   a c t i n g  
on them, t h e   r i g h t   s i d e  of ( B l )  i s  employed t o  a c c o u n t   f o r   t h i s   f a c t ;  A S  
i s  t h e   s u r f a c e   e l e m e n t   o f   t h e   j t h   r i n g   a t   t i m e  t. Equat ion ( B l )  can de 
w r i t t e n  as 

J 

I 

I I t l  I 

Figure 7. - Computation of charge conservation in  deformed  disks 
(rings). 
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where AZ = uz At, ~4 = w At, and AJ,O = -p0uzo~ The density of the 
current carried by the  charge element Aqj at time t and some distance 
z from zo is given by 

-+ 
~J.(r,z,t) = p.(r,z,t)u.(r,z,t) 

+ 

J J J 

and the axial  and radial components of the current density are  given by 

and 

respectively. 
Assuming that there is no net current flow in the radial direction, we 

obtain the total current passing through a given plane perpendicular to  the 
beam at  an arbitrary distance z and the time t by summing all contribu- 
tions from the charge elements that pass  through this plane simultaneous‘ly 
at the time t. Hence 

j=NR 

j=1 

where 6 is the Kronecker delta notation defined by z,  zs 

28 



6 = 0 f o r  z f zs 
z,zs 

and s i s  d e s i g n a t e d   f o r   t h e  number o f  t h e   c a v i t y  gap concerned.  The sum- 
ma t ion   p rocess   requ i res   f u r the r   exp lana t ion .   S ince   i n  a h igh-densi ty  modu- 
l a t e d   e l e c t r o n  beam each  disk o f  e l e c t r o n s   i s  deformed and d i s t o r t e d   i n  
shape, o n l y  a p o r t i o n   o f   t h e   c h a r g e  may c ross  a g iven  c ross-sec t iona l   p lane 
a t  a given  t ime; and a t  a g iven  t ime,  charges  belonging t o   d i f f e r e n t   d i s k s  
may c ross  a g iven  c ross-sec t iona l   p lane  s imu l taneous ly .   On ly   the   r ing  
charges whose a r r i v a l   t i m e   a t  z = zs  co inc ides will c o n t r i b u t e  t o  the  
bunched beam c u r r e n t .  

In the  next   s tep,  we expand t h e  bunched cu r ren t ,   equa t ion  (B5) ,  i n  
t e rms   o f   Fou r ie r   se r ies  as f o l l o w s :  

where 

A =  0 

This   can be evaluated  by  us i ng   equa t ion  ( B 5 )  f o r   i b ( z s , t s )   t o   o b t a i n  

and i n   l i k e  manner, 

F u r t h e r   e v a l u a t i o n   o f   t h e   c o e f f i c i e n t s  Ao, An, and Bn r e q u i r e s  some 
thought .   Le t   us   cons ider   the   s imp ler   case  o f   the   eva lua t ion   o f  A0 f i r s t .  
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W i t h   r e f e r e n c e   t o   f i g u r e  6, we see tha t   s ince   by   our   cho ice   each  charge  d isk  
w h i c h   e n t e r s   t h e   i n p u t   c a v i t y  gap a t   e q u a l   t i m e   i n t e r v a l s   i s   u n m o d u l a t e d ,  
a l l   t h e   r i n g s   i n  a g i v e n   d i s k  will e n t e r   t h e   i n p u t   c a v i t y  gap s imu l taneous ly  
a t  a g iven  t ime.  Thus, i f  we use a d o u b l e   s u b s c r i p t   t o   i d e n t i f y   e a c h   o f   t h e  
NR c h a r g e   r i n g s   i n s t e a d   o f   u s i n g  a s ing le   i ndex  j, we c a n   w r i t e   e q u a t i o n  
(B6) as f o l l o w s :  

where t h e   s u b s c r i p t  r d e s i g n a t e s   t h e   r i n g  of t he   d i sk ,  and t h e   s u b s c r i p t  
n des ignates   the   d isk  number. W i t h   t h i s  new convent ion,  we can  represent  
~ $ 0  by ZT/N;  hence 

N 

n= 1 

1 2 
= - T J ~ ~ ( ~ ~ , z ~ , ~ ~ ) ( N ~  ) = -Io 

where 

i s   o b v i o u s l y   t h e  square o f   t h e  beam r a d i u s  b. T h i s   i s   t h e   c o r r e c t   r e s u l t  
f o r  t h e   c o e f f i c i e n t  A o .  The e v a l u a t i o n   o f   t h e   c o e f f i c i e n t s  A n  and B 
i s   n o t  as s imple  s ince we a r e   d e a l i n g   w i t h   m u l t i p l e   v a l u e   f u n c t i o n s   i n   t l e  
bunched beam. I n  t h i s  case, a s ing le   i ndex   rep resen ta t i on  may be l e a s t  con- 
fus ing .  Thus. we s h a l l   r e p r e s e n t  A ~ O  by (2s/NR). U s i n g   t h i s  conven- 
t i o n ,  we may w r i t e   e q u a t i o n  (87) as 

where @j E e j ( r O , t O ; r , z s , t s )   i s  a f u n c t i o n   o f   t h e   r a d i a l   p o s i t i o n   o f   t h e  
cha rge   r l ng   on   c ross ing   t he   cons tan t  zs  p l a n e   a t   t i m e  ts, and hence, 
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i t  i s   t o  be  determined  by i t s   r a d i a l   p o s i t i o n   a t   t h e   e n t r a n c e  r o  and i t s  
e n t e r i n g   t i m e  to. I n  computer  programming, it i s  more convenient t o  
i d e n t i f y  an i n d i v i d u a l   r i n g   b y   i t s   e q u i v a l e n t   c h a r g e   c e n t e r  req o r  
re i n s t e a d   o f   i t s   t w o   r a d i i ,   t h e   o u t e r   r a d i u s  r and t h e   i n n e r   r a d i u s  
ri. Us ing   t h i s   conven t ion ,  we w r i t e   e q u a t i o n  (B97  as 

NR 
cos  n+j(ro,tO;r,r,zs,ts) 

s i n   n + . ( r  t ; r , zS . t s )  ( BlOa) 
j= 1 J 0’ 0 

where Io = nb2JZ0 i s   t h e  dc beam c u r r e n t .   I n   t h e   e x p r e s s i o n   f o r   t h e  
equ iva len t   charge  cen ter   rO,eq , j ,   the   subscr ip t  0 i s  r e f e r r e d   t o   t h e  
unmodulated beam a t   t h e   e n t r a n c e   t o   t h e   i n p u t   c a v i t y  gap.  It i s   t o  be  noted 
t h a t ,  i f  each r i n g   o f   t h e   d i s k s   i s   d i v i d e d   i n t o  R r i ngs ,   t hen ,   i n   acco rd -  
ance w i t h   t h e   d o u b l e   i n d e x   n o t a t i o n   d e s c r i b e d   p r e v i o u s l y ,  we have t h e  
f o l l o w i n g   r e l a t i o n :  

f o r  r = l ,  2, ..., R .  

t h e   f o l l o w i n g   f o r m u l a s  as shown i n   f i g u r e  5 :  
The equ iva len t   cha rge   cen te rs   f o r   t he   case  of R = 3 are computed by 

r bR  bR - 
0 , l  = fi r -  r 0,2 - - 0,3 = bR 

\ (Blob)  

I n   d e a l i n g   w i t h   t h e  beam loading  problems, we r e q u i r e  a complex ex- 
p r e s s i o n   f o r   t h e  beam c u r r e n t ,  and furthermore,  our  main  concern i s   t h e  
fundamental beam c u r r e n t .  Thus, b y   l e t t i n g  n = 1 i n   t h e   F o u r i e r   s e r i e s  
expansion  formula, we o b t a i n  

i b ( z s , t s )  = A. + A1 cos 4 + B1 s i n  + 

( B l l a )  

w i t h  
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and the  fundamental  beam c u r r e n t   i b l ( z s , t s )   g i v e n   b y  

where 

( B l l b )  

( B l l c )  

i s   t h e   r e q u i r e d  complex beam current   express ion.  

dc beam c u r r e n t  Io .  When t h i s   i s  done, we have the   normal ized  beam cur- 
r e n t   i n  complex  form: 

F i n a l l y  i t  i s  convenient t o   no rma l i ze   t he   comp lex  beam c u r r e n t   t o   t h e  

(B12a) 

where 

NR 
+ - ( r  ,t ;r,ZS,ts) 

+ ( r  t ;r ,zs, ts)  
( B12 b) 

j 0' 0 j=1 

and 

'b = a r c t a n e )  (B12c) 

Wi th   t he  beam cur ren t   de termined,   the  beam l o a d i n g   e f f e c t   c a n  now be 
determined  by  comput ing  the beam admit tance 

where 
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I b l  c omp 1 ex 

comp 1 ex 

dc beam 

- 
v9 

GO 

beam c u r r e n t   g i v e n   b y  eq. ( B l l c )  

gap vo l tage   g i ven   by  eq. (D6a) 

conductance, Io/Vo 

a gap vo l tage  modulat ion  index,  Ivgl/Vo 
- 
A 1  -81 norma l i zed   Four ie r   coe f f i c i en ts ,   g i ven   by  eq. (B12b) 

Ab phase f a c t o r   o f  complex beam c u r r e n t ,   a r c t a n ( B l / j i i ) ,   g i v e n   b y  
eq. (B12c) 

0 phase f a c t o r  o f  induced gap vo l tage,   a rc tan(n l lC1)  - a r c t a n ( 2 Q ~ a ~ ) ,  
g iven   by  eq. (D6b) 

F i n a l l y   t h e  beam conductance Gb and beam susceptance Bb can now be 
ob ta ined   by   t ak ing   t he   rea l  and imag ina ry   pa r t  o f  Yb t o   y i e l d  

and 
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APPENDIX C 

DERIVATION OF EQUATIONS FOR CALCULATION OF INDUCED CURRENT 

The c a l c u l a t i o n   o f   t h e   i n d u c e d   c u r r e n t   i s   b a s e d  on the   genera l   fo rmula-  
t i on ,   equa t ion  (37 ) .  d e r i v e d   i n  a p r e v i o u s   r e p o r t   ( r e f .  1). T h i s   i s  re- 
w r i t t e n   i n   t h e   f o l l o w i n g  manner: 

a l l  j 

where 

p j ( r ,Z , t )   cha rge   dens i t y  o f  j t h  charge  element 
+ 
u j ( r o - z o ; r , z , t )   v e c t o r   v e l o c i t y   o f  jth charge  element,  which i s  

f u n c t i o n   o f   e n t r a n c e   v a r i a b l e s  ro and to ,  as 
w e l l  as i t s   p o s i t i o n   ( r , z )   i n s i d e   i n t e r a c t i o n  gap 
a t   t i m e  t 

+ 
E c c t , j ( r O , t o ; r , z , t )   e l e c t r i c   f i e l d   i n d u c e d   i n   c a v i t y   b y   m o t i o n  o f  charge 

element  Aq- ( = p j  A t j )  i n s i d e   i n t e r a c t i o n   r e g i o n ,  
which i s  d e # i n e d   ( f i g .  8) as l i nea r   (ex tended)  gap 
d i s tance   f rom z s  - (1 + 2a) t o   z s  + (1 + Za), 
where z s  i s  r e f e r r e d   t o   m i d p l a n e   o f   c a v i t y  gap, 
s t h   c a v i t y  

V ind   i nduced   vo l tage   ac ross   cav i t y  gap 

The  induced  vol tage  Vind i s   r e l a t e d   t o  t h e   c a v i t y   i n d u c e d   e l e c t r i c   f i e l d  
ampl i tude EO b y   t h e   f o l l o w i n g   r e l a t i o n  (see eq. ( 1 3 ) )  o f   r e f s .  4 and 5 ) :  

E o  = HIVind,s  I 
( 2  s i n h  Ha) 

where  I 'Jind,sl i s   t h e   i n d u c e d  gap v o l t a g e   o f   t h e  sth c a v i t y ,  and H 
i s   t h e   f i e l d - s h a p e   p a r a m e t e r .   F o r  a u n i f o r m   f i e l d ,  H = 0. By the   charge 
c o n s e r v a t i o n   p r i n c i p l e ,  we c a n   r e l a t e   t h e   c h a r g e   e l e m e n t   A q j   i n  any 

+ZS L 
Figure 8. -Extended interaction gap configuration of the sth cavity showing three 

deformed  disk charges at various positions inside  the gap at  time  t - t,. 
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arbitrary interaction gap, the sth cavity gap,  to  the  charge element 
Aqj (=no Atj)  at the entrance of the input cavity, where the beam  is 
unmodulated  and has a constant charge density P ~ O .  This, in turn, can be 
expressed  as follows: 

A ~ o , ~  = - mR- Q = - N R ~  IO = Aqj 

where IO is  the dc  beam current, f is the  frequency of the klystron, 
and N and R are the total number of disks and rings used  in the computer 
model.  With this transformation, equation (Cl) can be written as follows: 

NR 

j= 1 

where 

z - ( a  + 2a) < z < z s  + ( a  + 2a) 
S " 

This  can be conveniently expressed by using Kronecker delta notation defined 
by 

where zk is defined by 

z s  - (11 + 2a) < Zk < z s  + (n. + 2a) - - 

Thus 

all k j= 1 

Expressed in terms  of its Fourier components, equation (C3) can be  expanded 
as 

n= 1 
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and, i n   p a r t i c u l a r ,   t h e   f u n d a m e n t a l  component o f   t he   i nduced   cu r ren t ,  
i i n d , l   i s   g i v e n  by 

i nd,l = 4- COS(4 - A i )  

where I i n d . 1   i s   t h e  complex  expression f o r   t h e   i n d u c e d   c u r r e n t  and i s  
g i ven  by 

.. 

/ 

and 

i n  which C 1  and D l  a r e   t h e   F o u r i e r   c o e f f i c i e n t s   g i v e n  by 

4 

E q c t , j  ( r  o ,t o ; r , zk t )  
"i nd = - m  u . ( r  t ; r , zk t )  

J 0' 0 

all k 1 
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I n  this  equation, A $ m  has been replaced by ( 2 n l M )  and M i s  taken t o  
be 36.  Usually  the fundamental induced current i s  normalized in  terms of 
the dc beam current Io:  then 

where 

A i  - - tan-'( :) 
a n d  

c1 
1 - I o  € - -  

9 = 5 
Finally  the d o t  product inside  the  bracket can be expressed i n  terms of 

i t s  two scalar components in  the form 

+ E  
-c 

Er E Z  u v =  u r - +  u z r  V 

Using equation ( C 2 ) ,  we o b t a i n  
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By substituting this relation  into  equation (C~C),  we get 

M=36 NR=132) (3) 

MNR Inlor sinh Ha - I> 6z,zk 
m=l all k j=1 

where 

and 

are  the  normalized  velocity  components in the radial and  axial directions, 
respectively. They are  functions of both the entrance  position and phase  as 
well  as the position at the  interaction  gap  and  the  time. 
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APPENDIX  D 

DERIVATION  OF  EQUATIONS  FOR  DETERMINATION 

OF  VOLTAGE  MODULATION  INDEX a 

With reference t o   f i g u r e  9 and re fe rence  6, we see t h a t   t h e   i n p u t  
admi t tance  o f  an a r b i t r a r y   c a v i t y   i s   g i v e n   b y  

Y i n =  GL + G + G b  + jWC + A +  j B b  
C J WL 

where 

L cav i t y   equ iva len t   i nduc tance  

C cav i t y   equ iva len t   capac i tance  

GC cav i t y   conduc tance   rep resen t ing   l osses   i n  a c o l d   c a v i t y ,  1 / R o  

GL equiva lent   load  conductance as seen  by c a v i t y   o u t p u t  window ( p e r f e c t  
matched c o n d i t i o n  assumed), ~ / R L  

yb beam admittance, Gb + j B b  

Gb beam conductance, Re  Yb 

Bb beam susceptance, Im Yb 

I f  we des ignate  GT = Gc + Gb + GL as t h e   t o t a l   s h u n t   c o n d u c t a n c e   o f   t h e  
c a v i t y ,   t h e n ,   i n   t h e   v i c i n i t y   o f  resonance, when t h e   c a v i t y   i s   t u n e d   t o   t h e  
h ighe r   s ide   o f   t he   resonan t   f requency  fo,  by   rep lac ing  w = wo + AW, we 
can   w r i t e   equa t ion  ( D l )  as f o l l o w s :  

BEAMEND I CAVITY I END 
Figure 9. - Generalized cavity equivalent circuit. 
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To obta in   equat ion  (D2a) ,  we used t h e   f o l l o w i n g   r e l a t i o n s :  

- << 1 
OO 

A W  

1 
jwoL 

j w o C  + = o  

2 w0LC = 1 

Furthermore,  by  denoting 

and 

we can w r i t e   e q u a t i o n  (D2a) as  

where QT i s   t h e   t o t a l   o r   o v e r a l l   c a v i t y  Q d e f i n e d   b y   t h e   f o l l o w i n g  
r e l a t i o n :  

where 

QU Q o f  t h e   c a v i t y   t h a t   w o u l d   r e s u l t  i f  t h e   c a v i t y  were c o l d   ( i . e . ,   i n  
t h e  absence o f   t h e  beam) and  no e x t e r n a l   l o a d  were  coupled t o  it, 
RC/woL, w i t h  G c  o r  R c  r e p r e s e n t i n g   l o s s e s   i n   t h e   c a v i t y  

Qe Q t h a t   w o u l d   r e s u l t  i f  t h e   c a v i t y  were l o s s   f r e e  and o n l y   l o a d i n g   b y  
t h e   e x t e r n a l   l o a d  were  present, RL/UOL 

Qb Q of t h e   c a v i t y  due t o  beam loading  alone,  l /wgLGb = l /Gb(R/Q)  

Next l e t  us   i n t roduce   t he  new parameter 6~ de f ined  by  

6T = 6u + (:) Bb ( 5 )  = 
( f d r i v e  - f r e s )  

r e s  
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where 6 u  i s   t h e   c a v i t y   f r e q u e n c y - d e t u n i n g   p a r a m e t e r   i n   t h e  absence  of 
t h e  beam, and (1/2)Bb(R/Q) i s   t he   cav i t y   f requency -de tun ing   pa ramete r  due 
t o   t h e   c o n t r i b u t i o n  o f  t h e  beam susceptance Bb. I n  t e r m s   o f   t h i s  new 
frequency-detuning  parameter bT, we w r i t e   e q u a t i o n  (D2b) as f o l l o w s :  

Yin(W) = G T ( ~  -+ j2QT6,) 

= GT + (2QT6,)[ arctan-l(2QTsT)  (D4b) 

Wi th   t he   i npu t   admi t tance   o f   t he   cav i t y   de te rm ined ,   t he  RF gap vo l tage  
can  be  found as f o l l o w s :  

where I? d , l   i s   t h e   c a v i t y   i n d u c e d   c u r r e n t   ( f u n d a m e n t a l )   g i v e n   b y  equa- 
t i o n  (C6a7,  and Yin(w) i s   t h e   i n p u t   a d m i t t a n c e   o f   t h e   c a v i t y   g i v e n   b y  
equat ion  (D4b).  When these   re la t i ons   a re   subs t i t u ted   i n to   equa t ion   (D5) ,  we 
g e t   t h e  complex gap vo l tage  

- 

where we have rep laced RT (= ~ / G T )  by  (R/Q)QT, and t h e  phase  angle of 
t h e   v o l t a g e   i s   g i v e n   b y  

C 1  and D l  a r e   g i v e n   b y   e q u a t i o n   ( C ~ C ) ,  and QT and 6~ are   g iven   by  
equat ion  (03)  and  (D4a), r e s p e c t i v e l y .  

modulus o f  V g  d i v i d e d   b y   t h e  dc beam vo l tage  Vo t o   y i e l d  
F i n a l l y   t h e   v o l t a g e   m o d u l a t i o n   i n d e x  a can  be  obta ined  by  tak ing  the 

where Go = Io/Vo i s   t h e  dc beam conductance, and c1 and D l  a re  
the   no rma l i zed   Four ie r   coe f f i c i en ts   g i ven   by   equa t ion   (C7) .  

- 
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the  linear  space-charge  wave  theory  data  are  employed  in  order  to  reduce  the  computation  time. 
Both  distance-step and time-step  integration  methods  are  used  to  compute  the  Fourier  coeffi- 
cients of both  the  beam  current and  induced  current. 
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